RATIONAL EQUATIONS

A rational equation is an expression of the form

o0 _
= 0,gx)#0

If f(x) and g(x) are polynomial functions with no common factors,
then the zeroes of f(x) are the solution of the equation. To solve a

rational equation, you do not have a put the rational function in
f(x)

the form, —=
e form, "~

we get rid of the fractions by multiplying each side

by the LCD (Least Common Denominator). Please go through the
topic “Least Common Multiple (LCD) OR Last Common Multiple of
rational expressions” before you go further.

After this process, we may get solutions that are not solutions of
the original equation. There are extraneous solutions. For this
reason, we must check each solution of the resulting equation by
substituting it in the original solution.

Example: Solve x+ §= 6

Solution

x+ - 6 can be written as = + e =6
X 1 X

The LCD (1, x)=x

we multiply each side by x

x 5
(—+ — =6)x > x*+5=6x
1 x
x2—6x+5=0 (x—1)(x—5)=0=2x=10r5
Now, we check these two solutions by substituting

X=1andx=51nx+xi=6

Forx = 1 1+§=6 1+5=6 = 6=6= which is true




Forx=5

5+§=6 254+ 1 =6 6 =6 whichis true.

So, both x = 1 and x = 5 are not extraneous solutions

x = land x =5 are the real solutions of the Rational equation
X+ =6
X

Example:
2x 1 2
Solve + =
x—1 x—3 X2—4x+3

Solution After factoring x? — 4x + 3 to (x — 1)(x — 3)

we rewrite above equation as

2x 1 2

x—1+ x—3 - (x—1)(x—3) (1)

Now, we find LCD [(x — 1), (x — 3), (x — 1)(x — 3)]
whichis (x — 1)(x — 3)

we multiply education (1)by (x — 1)(x — 3)

X—1+X—3= (X—l)(x—B))(X_l)(X_B)

2x(x—3)+(x—1) =2 (2)

(ZX 1

We assume you understand how you get the above results. The
Multiplications carried out are as follows.



2x
x—1

ﬁ(x—l)(x—S)z x—1

(x—1D(x—-3) = 2x(x—-3)

2
(x—1)(x—3)

(x—1)(x-3) =2

So, equation (2) becomes 2x? —6x +x — 1 = 2
= 2x2-5x—-3=0
(2x+1)(x—3)=0:>x=_710rx=3

Now, let us check if these two solutions are extraneous by
substituting in the original equation.

2x 12
x—1  x-3 x2—4x+3

-1 “1_ ., T C\? X
: L 2 (3) (7))
2 2 8 8 8 1
---=— ©— = — which is true
3 7 1 21
N . .
So, x = — s not an extraneous Solution.

Now, let us check x = 3

We note that when we substitute x = 3 in

2x 1 2
_I_ —

x—1  x-3 x2—4x+3

: 1
we get a zero denominator because of the presence of; and

2
x2—4x+3



23, 1 _ 2
3-1  3-3  32-4(3)+3

>2 4
2

olr

Both % and % are undefined.

So, we conclude that x = 3 is an extraneous Solution
3 6

x-3
Example — +— +—5—-=0

: x-3 , 3 6
Solution —+—+- — =0 (D

LCD[x, (x + 2),x(x + 2)] = x(x + 2)
We multiply equation (1) by x(x + 2)

Xx—3 3 6
[ X t X+2 t x(x+2) O] X(X+ 2)

x—3)x+2)+3x+6=0
X2 —xXx—6+3x+6=0

x2+2x=0

x(x+2)=0

x=0o0orx=-2

Now, we substitute x = 0 and x = —2 in
x-3 , 3

6 .
+ + to check our solutions
X X+2  x242x

. . x-3
x = 0 gives a zero denominatorbecause of the presence of —

3
X+ 2

x = 2 gives a zero denominator because of the presence of

So, both x = 0 and x = —2 are extraneous Solutions.



Example 6—22 + 6—1a = %
Solution LCD (6a?, 6a, a?)= 6a?
We multiply the equation by 6a?
(ca+ee = w)od’
l1+a=6=a=>5

Check fora =5

1 11
6(5)2 ' 6(5) 52

1 11

150 ' 30 25

6 1 11
150 25 25 25

So,a = 5 is a Solution

7
n—8

Example ﬁ —1=

1 1 7
Z s 1 ne D

LCD(n—8,1,n—8)=n—8
Multiply (1) by n — 8

( 1 1_ 7 ) 3

=8 1 n-g/0" %

1-h—-8)=7 = 1—-n+8=729—-n=7 >n=2
Check for n=2

. .1 7
Substitute n=2in——-—1=—
- n—8

7 7
5 —=—
2—-8 2—-8 -6 -6

-6

So, x = 2 is a Solution.



Example: XHZ-’ 1= 1

X2 —-2X x2—2X

X+5 1 1

—SOIution X(x—2) N 1 X(x—2)
LCD [x(x—2),1,x(x—2)] = x(x—2)
Multiply (1) by x(x — 2)

x+5 1 1 5
=5 17 s

x+5—-x(x—-2)=1 =2 x+5-—-x24+2x=1
—x?+3x+4=0 > x2—-3x—4=0
x—4)x+1)=0 > x=4orx=-—1

Check forx = 4

Substitute x = 4 in the equation

X+5 4 1
X2-2x T x2-2x

4+5 1 9 1 1 1

—1 = - — = o - ==

42-2(4) 1 42-2(4) 8 1 8 8 8
So, x = 4 is a Solution
Check forx = —1

Substitute x = —1 in the equation

X+5 4 1
X2-2x T x2-2x
s - [P S N S [ T
(-1)2-2(-1) (-1)%2-2(-1) 3 3 3

So,x = —1is a Solution

W | =

(1)



X—3 x2+3x—18

Example: Solve —y +2x—12 = Ty

x—3 2(x—6) _ (x+6)(x—3)

Solution First we factor 20:45) + = 2(x+5)

LCD[2(x+ 5),1,2(x+ 5)] =2(x+5)
*You could do this equation without factoring too
Multiply equation (1) by 2(x + 5)

Xx—3 2x—6) x+6)x—3)
(2(x+5)+ 1 2(x+5) )2(X+5)

x—=3)+4x—-6)(x+5)=x+6)(x—23)
x—3+4(x*—-x—30) = x*+3x—18
X—3+4x%> —4x—120 = x* +3x— 18
4x?> —3x — 123 =x%* +3x— 18

3x% — 6x —105=0

3(x2—-2x—35) =02 x*—=2x—35=0
(x—7)x+5)=0 2>x=7o0rx=-5
Check forx =7

2 y e
Substitute x = 7 in —— 4 2x — 12 = 20
2X+10 —r
7§ 7)% +3(7) — 18
el 2(7)—12:() ()
A yp 32 o 2 _ 52

So,x = 7 is a solution .

Check forx = -2

X
2X

x2+3x—18
2xX+10

Substitute x = —2 in —=—— 4 2x — 12 =
+10

(1)

we will get a term with 0 denominator because of the presence of



X—3 x2+3x—18
an
2x+10 2x+10

as2(=5)+10=-10+10=0

So, x = —2 is an extraneous solution .



